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Abstract| When parametric control methods
such as the OGY [1] or Otani-Jones method [2] are
applied to synchronisation, computing the sensitivity
vectors at each step poses special problems. In this pa-
per we show that it is possible to use an arti�cial neu-
ral network to calculate the sensitivity vectors when
synchronising two chaotic maps.

I. INTRODUCTION

Chaos is characterized by a sensitive dependence of
a system's dynamical variables on the initial condi-
tions. Trajectories starting with slightly di�erent ini-
tial conditions locally diverge from each other at an
exponential rate.

Despite this, it has been established that synchro-
nisation of two chaotic systems is possible [3], and it
is an area of increasing interest for its interesting ap-
plications. Not only has chaotic synchronisation been
successfully applied to secure communications (for ex-
ample [4]-[7]), but also it is believed that synchronisa-
tion plays a crucial role in information processing in
living organisms, namely in the rabbit olfactory sys-
tem, cat visual system and even the monkey neocortex
[8]-[11].
If we consider an iterative map F : �i ! �i+1, when

we use parametric control techniques such as the OGY
or Otani-Jones method the state of the system at each
step i is evaluated, so that the control parameters pj
can be changed according to the corresponding law.
This means that in the case of synchronisation, the
sensitivity vectors (si = @F=@pi) will have to be cal-
culated at each step, and if the equations of the system
are unknown this poses special problems.
The published examples of chaotic synchronisation

using these methods [12]-[13] use the Henon map and
the sensitivity vectors are constant.
In this paper we use an arti�cial neural network to

calculate the sensitivity vectors. We implemented the
Otani-Jones method to synchronise two Ikeda maps
and the parameter used for control has associated with
it a sensitivity vector that depends on the state of the
system.

The paper is organized as follows. In the �rst sec-

tion the Otani-Jones control law is described. Then
we describe the training of the neural network and the
results of the synchronisation of the Ikeda maps us-
ing this neural network. Finally some conclusions and
future work is discussed.

II. OTANI-JONES METHOD

One of the principal disadvantages of the OGY con-
trol law, in cases where the dynamical equations are
not known, is the requirement to estimate the Jaco-
bian J where we have an iterated map F : �i ! �i+1.
Such estimates can be both time consuming and in-
accurate especially when applied to synchronising two
chaotic systems.
The Otani-Jones control law [2] attempts to over-

come some of these shortcomings. In many situations
it is possible to create an e�ective short term (fast)
predicting function �i+1 = P (�i) for the system which
is accurate over the whole (or a large part) of the phase
space. In situations where such a short term predictor
function P is available the Otani-Jones method can be
employed to e�ect control and it does not require the
computation of either fu (unstable contravariant vec-
tor) or �u (unstable eigenvalues), although it is still
necessary to estimate the sensitivity vectors.
The method proceeds as follows. We assume an

accurate short term predictor function �i+1 = P (�i)
is available. Suppose that control parameters p =
(p1; :::; pm) are available with nominal value p0 and
that it is required to control the system about a �xed
point �F . We can describe the situation by the equa-
tion:

��i+1(p) = P (�i(p0))� �F + �p1s1 + :::+ �pmsm (1)

where s1; :::; sm are the sensitivity vectors with respect
to each control parameter.
Once s1; :::; sm are known, for any point �j near �F

the control law then chooses p = (p1; :::; pm) so as to
minimise the squared Euclidean distance:

j�i+1(p)� �F j
2 (2)

i.e. we choose p so as to minimise

jP (�i(p0))� �F (p0) + �p1s1 + :::+ �pmsmj
2: (3)



Let S be the matrix whose column vectors are
s1; :::; sm. These vectors are linearly independent
(there would seem to be no advantage in choosing a
linearly dependent set of sensitivity vectors).The solu-
tion to this minimisation problem is given by:

�p = �S�1(P (�i(p0)) � �F (p0)) (4)

where S�1 is the inverse matrix of S if m = d and the
pseudo-inverse otherwise.
In the case of synchronising �i+1 = F (�i(p)) with

�i+1 = F (�i(p)), equation (1) becomes

��i+1(p) = P (�i(p0))� �i+1+ �p1s1+ :::+ �pmsm (5)

and the control law becomes

�p = �S�1(P (�i(p0))� �i+1(p0)): (6)

III. SYNCHRONISATION OF TWO

IKEDA MAPS

We have implemented the synchronisation using the
Ikeda map which is de�ne by the following equations:�

xn+1
yn+1

�
= F

�
xn
yn

�
=�


 +R(xn cos(Tn)� yn sin(Tn))
R(xn sin(Tn)� yn cos(Tn))

� (7)

where Tn is

Tn = ��
�

1 + x2n + y2n
: (8)

Taking 
 = 0:85, � = 0:4, � = 5:5 and R = 0:9 the
map described by equation (7) (which describes the
dynamics of a nonlinear optical cavity [15]) produces
an attractor similar to the one in Figure 1.
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Figure 1: Attractor for the chaotic Ikeda map

We will use the parameter R for control. The sensi-
tivity vector (@F=@R) is then de�ned by the equation

s = (xn cos(Tn)� yn sin(Tn); xn sin(Tn)� yn cos(Tn))
(9)
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Figure 2: Graphs of the �rst coordinate of the sensitiv-
ity vectors (with the other coordinate the results are
similar). In the top left corner we can see the \real"
sensitivity vectors and in the right corner we can see
the approximation given by the neural network. Fi-
nally at the bottom we have the di�erence between
both.

and as we can see the vector varies at each point of
the trajectory.

A. NN-Calculated Sensitivity Vectors

With the use of the map (7) a set of data was gath-
ered to train a neural network. The neural network
used has one input and output layer with 2 neurons
each, and 2 hidden layers with 10 neurons each (2-10-
10-2) and it was trained with 10000 (actually excellent
results can be obtained with far fewer points) training
pairs (re-scaled into the range [0.11,0.89]).

The software we used is basically the conjugate
gradient feedforward network training software from
[16] with the modi�cations for using double precision
training to enhance the accuracy and for running un-
der Windows 95 (32-bit). The MSE training error is
0:000024, which easily is su�cient for the synchroni-
sation as we will see in the next section.

In Figure 2 we can see the di�erences between the
real sensitivity vectors and the results of the neural
network for testing data.

B. Results

In situations where F is unknown we could imagine
constructing a fast predictive function Xn+1 = P (Xn)
by training a neural network (see for example [17]
in which a network is trained on exactly this map).
However in the present case, where the equations are
known and the objective is to demonstrate the tech-
nique with respect to variable sensitivity vectors, there
is no virtue in training such a network and we shall
therefore calculate P using F .

The Otani-Jones method was used to synchronise
two Ikeda maps, using the neural network as an ap-



proximation of the sensitivity vectors. The systems

Xn+1 = F (Xn)
Yn+1 = F (Yn)

(10)

started with the following
initial conditions: (0:5;�0:8) and (0:001; 0:001), and
in Figures 3 and 4 we can see the di�erence between
both variables of the systems become zero.
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Figure 3: The di�erence of the time series of the �rst
variable of the two systems.

IV. Conclusions

We propose a simple but e�ective technique that
makes use of an arti�cial neural network to minimize
the calculation e�ort during synchronisation of maps
using parametric control methods.
In this experiment we use (9) to generate the data

to train the neural network. If the equations were
unknown we could imagine computing sensitivity vec-
tors for several hundred points to generate the training
data. This would of course be time-consuming but it
would have be done only once.
As future work we will implement this technique in

higher dimensional systems and also we will use other
parametric control methods such as the OGY.

Acknowledgements

Ana Guedes de Oliveira acknowledges the support of
JNICT- Program PRAXIS XXI (BD/5888/95).

References

[1] E. Ott, C. Grebogi and J. A. York. Controlling
Chaos, Phys. Rev. Lett. 64(11): 1196-1199, 1990.

[2] M. Otani and Antonia J. Jones. Guiding Chaotic
Orbits, Research Report, Dept. Computer Sci-

100 200 300 400 500 600
t

-3

-2

-1

1

2

3

x2-y2

Figure 4: The di�erence of the time series of the second
variable of the two systems.

ence, Univ. of Wales, PO Box 916, Cardi� CF2
3XF, 1997.

[3] L. Pecora and T. Carroll. Synchronization in

chaotic systems, Phys. Rev. Lett., 64(8): 821-824,
1990.

[4] K. Cuomo and A. Oppenheim Circuit Implemen-

tation of Synchronized Chaos with Applications to

Communications, Phys. Rev. Lett., 50(5):65-68,
1993.

[5] U. Parlitz, L.O. Chua, Lj. Kocarev, K.S. Halle, A.
Shang. Transmission of digital signals by chaotic

synchronization, Int. J. Bifurcation and Chaos
2(4): 973-977, 1992.

[6] J. K. John and R. E. Amritkar Synchronization of

unstable orbits using adaptive control, Phys. Rev
E 49(6):4843-4848, 1994.

[7] Sekieta, M. & Kapitaniak, T. Pratical Synchro-
nization of Chaos via Nonlinear Feedback Scheme,
Int. J. Bifurcation and Chaos 6(10):1901-1907,
1996.

[8] Eckhorn, R., Bauer, R., Jordan, W., Brosch,
M., Kruse, W., Munk, M., and Reitboeck, H.J.
Coherent Oscillations: A Mechanism of Feature

Linking in the Visual Cortex?, Biol. Cybernetics
60, 121-130, 1988

[9] Bressler, S.L., Coppola, R. and Nakamura, R.
Broad-Band synchronization in monkey neocor-

tex, Proc. of the 2nd Experimental Chaos Con-
ference, 226-232, 1994



[10] Bressler, S.L. Relation of olfactory bulb and cor-

tex. I. Spatial variation of bulbocortical interde-

pendence, Brain Research 409:285-293, 1987.

[11] Bressler, S.L. Relation of olfactory bulb and cor-

tex. II. Model for driving of cortex by bulb, Brain
Research 409: 294-301, 1987.

[12] Y.-C. Lai and C. Grebogi. Synchronization of

chaotic trajectories using control, Phys. Rev. E,
47(4): 2357-2360, 1993.

[13] Ana G. Oliveira and Antonia J. Jones. Syn-

chronization of chaotic trajectories using param-

eter control, Proceedings of the 1st International
Conference of Control of Oscillators and Chaos
(COC'97). Vol.1, 46-49, 1997.

[14] K. Pyragas. Continuous control of chaos by self-

controlling feedback, Physics Letters A, 170: 421-
428, 1992.

[15] P. So and E. Ott. Controlling chaos using time de-
lay coordinates via stabilization of periodic orbits,
Physical Review E, 51(4):2955-2962

[16] Timothy Masters. Pratical neural network recipes
in C++, Academic Press, 1993.

[17] Alban P. Tsui and Antonia J. Jones. Parame-
ter choices for control of a chaotic neural net-

work, Advances in Intelligent Systems: Frontiers
in Arti�cial Intelligence and Applications. Vol 41:
118-123. Ed. F.C. Morabito, IOS Press. AMSE-
ISIS'97, Reggio-Calabria, Italy, September 1997.


